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New Methods for Deriving Joint Probability Distributions of Structure Factors. I
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Abstract

With new probabilities, based on the Patterson func-
tion, for the ‘atomic’ random variables x,, ..., Xy in
P1, it is shown that an improved estimate can be
obtained for the sign of the seminvariant E,, in P1.
Two probability measures are considered. A method
is also given for the case of a known Patterson vector
of the form 2r,, giving an estimate for the sign of any
structure factor E, by using its first neighborhood.

1. Introduction

For deriving joint probability distributions of struc-
ture factors one has used up to now two conceptually
different approaches. One is to consider the structure

factor
N -1/2 N
B=(5£) " Laewemnx)
i=1 i=1
as a function of the random variables x,, X,, . .., Xx;

the other consists in regarding E, as a function of
the random variable h. The first method consists in
letting the random variables x;, X, . . ., Xy range uni-
formly and independently over the unit cell, which
may be represented mathematically by [0, 1[> [the set
of all triples (u, v, w) where 0=u, v, w<<1]. In this
paper other probability measures are considered for
the random variables x,, x,, . . ., Xy based on the Pat-
terson function. In'_ particular, we study the
seminvariant E,, in P1.
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Mithematiques, BP 2700 Bujumbura, Burundi.

0108-7673/85/060613-05$01.50

2. The probability distribution of E,, in PI for
different probabilities for x;, X5, ..., XN

Several probability measures for x,, X,, ..., Xy Will
be considered and used to determine the sign of E,,
forits first neighborhood. In order to simplify calcula-
tions we shall treat the case of N equal atoms for
which the structure factor E,, is given by

t
E,=2N7"Y%2 ¥ cos (2mr;.h)
i=1
(r; [0, 1[% and t= N/2). The function Q defined on
[0, 1% by

uel0, 11>> Q(u) =((Ex—1) exp (-2mik . w)),
(2)

(where (.), means the average over all reciprocal-
lattice vectors) gives

N—l

ow={*"N"

ifu=[2r;]Joru=[-2r;] (1=i=<1t)

ifu=[r;—r;Joru={[r;+r;] or
u=[-r-r] (I=sij=tandi#j)

0 elsewhere, 3)

where [x] for xeR® denotes the unique vector in
[0, 1[?, which differs from x by some vector (p, g, r),
where p, g and r are integer numbers.

This function Q will be used to construct several
probability measures on the ‘atomic’ random vari-
ables x,(1=i=t). The simplest probability measure
is obtained as follows. The random variables
Xy, X2, . . . , X5 Will be taken to be independent. They
are defined on [0, 1[?, equipped with its usual collec-
tion of Borel sets, by ue [0, 1[>>x;(u)=u (1<si=<1).
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We shall now define a probability on the set [0, 1[°.
For any positive integer n let A, denote the set of all
reciprocal-lattice vectors h=(hy, h,, h;) such that
—n=h;=n (1=i=3). Define the probability P on
[0, 1[* by

P(B)= lim J [Z Ei— 1exp( —27i(2u) . k)] du,
n->+oo B keA N—l

(4)

where B is any Borel set in [0, 1[* {in particular,
where B is a set of the form [a,, b;]1%[a,, by] X%
[as, bs], which is the set of all triples (u,, u,, u;) such
that ¢;=u;<b; (i=1,2,3) and with 0=a;,<b; <1
(i=1,2,3)}. It may be noted that P is a convex sum
of point measures {that is Pisoftheform P=}%_A,3,,
where the summation is over the finite set of Patterson
vectorsain [0, 1[},0<A,<1and}_A,=1,and where
8. denotes the point measure (or birac measure) in
a with total mass equal to 1}. As usual we shall use
the symbol [x; € B] to denote the event that x;€ B
(more precisely that x; will take its values in B). We
then get for the probability, P([x; € B]) (where B is
a Borel set in [0, 1[®), that x; € B: P([x;€ B])= P(B)
and for the mean, e[cos (27x;.h)], of the random
variable cos (27x;.h) for 1=i=1¢

g[cos (27x;. h)]

=J cos (27ru. h) dP(u)

= lim J{ Y [(Ei—-1/(N-1)]
n->+ ke A,

x exp [—2i(2u) . k]} cos (27ru. h) du. (5)

Hence
e{cos[27x;. 2h)}=(Ei-1)/(N-1) (1=i=<t)
(6)

and e[cos (27x;.h)]=0, if 3h is not a reciprocal vec-
tor. Let us denote by E,, the random variable

A 1
E,=2N""2¥ cos (2mx;.h) (D
i=1

and so we get

5(1;7211) =

Let us denote by P(Ez) the density distribution of
the random variable E,,. We may develop P(E,,)
into an asymptotic series according to powers of
N~"2 (Bourbaki, 1961). We then get for the condi-
tional probability, denoted as usual by P, (E,), that
the sign of E,, is positive given |E,p,|=|Eay| up to the
order N™'/?

P,(Ea) =3+3tanh [|E2hl(E12|_ I)N_l/z]
(see Appendix).

N'A(E}-1)/(N -1).

(8)
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It is interesting to note that

0X(Ey) =1+ N"Y(E%,—1). )
Hence, if E2, is not too high the _variance o (Ez.,)
differs little from the variance au(Ezh) of Ez.,, which
equals 1, where the index u in a,,(Ez,,) refers to the
usual probability measure on x,, X,, ..., X, (= N/2).

Consider now the second neighborhood, {E,,, Ep},
of E,, [for the notion of neighborhood see e.g. Haupt-
man (1976)]. Again let us denote by P(E,,, Ey) the
joint distribution of the random variables E,, and E,.
Developing P(E.,, E,) asymptotically according to
powers of N™"2 we then get for the conditional
probability, denoted by P.(E||Eyl), that the sign of
Es is posmve given |Eonl = |Eo| and |Ey| =|E.|
(assuming that 3h is not a reciprocal vector) up to the
order N~V?%;

P.(En||Es) =3+ tanh [BIExl(ER =D N1 (10)

Again let us denote by o2(Eyl||E.=]|E)) the
conditional variance of E,, given |E,|=|E,| for the
usual probability measure on x,, X,, ..., X, Then we
find, up to the order N7!,

o (Enl|Eyl = |EW) = 02(Enl|Esl = | Edl)
+N'[(E3—-1)-(Ea-1)]
(11)

(see Appendix). So, if E3,—1=(E}—1)* we find that
(up to order N7')

UZ(EZhlléh] = IEhl) = Ui(E\Zhl |Ehl = lEhl)

Also, note that it is always true that o 2B En) =

(Ez,,) (Barra, 1971).

These results differ significantly from the well
known results (Klug, 1948) obtained by letting the x;
range uniformly over the whole unit cell. Consider
now the function Q' on [0, 1[* defined by

uel0, 1°> Q'(u) = Z(Ez—l)exp( 27iu . k),
(12)
where the summation is over a finite subset (the
measured values) of the reciprocal lattice. If there
are enough terms in (12) then Q’ is positive almost
everywhere. A density function of the x; (1=i=<1t)
for which the x; are no longer independent random
variables is a density function proportional to

I_Il 1—1‘ Q(xl‘xj)Q (x +x}) n Q(le)’ (13)

where in (13) we have used (by abuse of notation)
the symbol x; also for the argument in Q’. However,
(13) does not allow an asymptotic development in
powers of N ~"?to calculate the joint density distribu-
tion of a set of structure factors and we also get
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multiple averages over the given subset of the
reciprocal lattice if one calculates the mean
e[cos 27h . (2x;)]. So (13) is not suitable from a prac-
tical point of view. However, we may still use the
asymptotic development to calculate the joint density
distribution if we consider the following density func-
tion for the variables x; For the sake of simplicity
suppose that ¢t (¢t = N/2) is a multiple of 2. We may
then arrange the variables {x,, X, ..., X,} in groups
of two variables {(x,, X,), (X3,X4), ..., (X,1,X,)} and
use as density a function proportional to

Q'(2%,) Q'(2%,) Q' (X1 —%;) (14)

for any such group [here the group (x;, x,) of two
variables]. The total density function is then propor-
tional to

t/2—-1

H [Q'(2X2i41) Q'(2X2142) Q' (X214 — X2i42)]-

(15)
Then we get for the mean e(Ex) of B
e(Epu)=2N""2 Y e[cos 2mx;. (2h)]
i=1
Ei—1)(EZ—1)(Ean—1))
=N1/2<( k 2k b+k Kk
(E- R

where (. ), means the average over the given subset
of the reciprocal lattice. Again we may calculate the
density distribution P(E,,) for this new probability
with a density given by (15) by usmg an asymptotlc
development in powers of N™"/2. The main tetm of
P(E,,) is also calculated by observing that E,y is
normally distributed if ¢ is high enough. We then get
for the probability, denoted by P.(E.y), that the sign
of E,, is positive given |Eyy,| =|Eqy|:

1.1 En|N'?
P,(Exy) =5+ tanh [%

(Ei=D(E5—1)(Ehsn—

1)»]
(E-V(E-Dw  f O

where 02 = 02(E,,) = e(E2,) — e(Ey)? is given by

o2 =1+ N"2&(E,) —(2/ N)e(Ey)

((Eihl)(Egk 1)(E2h+k“1)>k
((Elzﬁ—l) (EZK_I))k
l)h]‘ (18)

) [((Ei— 1)(E5x—1)(Epu—

: (Ex—1)*(E3— Dk
The averages occurring in (17) and (18) can be calcu-
lated in the case of no Patterson overlap either directly
or by considering the random variables Ey, E,y, Ep.x
as functions of the random variable k [the approach
of Hauptman & Karle (1958)] and by calculating their

=1+
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joint density distribution P(E,, E,y, Ep.x). We then
obtain

1\,1/2<(E2 1)(E “1)(Eh+k 1))k
<(Ek“1)2(E2k_1))k
~}En+GNV?)(ER-1)+ O(N?). (19)

Reconsider now o in (18). We see that if s(E4,,) is
negative and large in absolute value, o (Ez,,) (=0%)
becomes very small. Note that in (17) a so-called
renormalization term [the term ((Ez—1)*(E2x—1))]
appears in a rigorous way. This term is positive and
equals in the case of no Patterson overlap

(Ex—D(Ex—Dh=N"'(6-5N7"

(see Appendix).

We may obtain better estimates of the sign of Ezh
if we consider higher neighborhoods, e.g. the neigh-
borhood {Ez,,, E,,} Indeed, (17) has been calculated
by considering only the ﬁrst neighborhood {Ez,,} of
Esp. Also, P.(Ey) in (17) should not be confused
with the probablllty that the sign of E2.. is positive
given |E,y| =|Ey| and given |E,|= IEkI for all k. This
result might be compared with that in the paper of
Giacovazzo (1976) where a probabilistic treatment
seemed to be given of the B;, formula. (Hauptman
& Karle, 1958) and the Y, formula. However, in
Giacovazzo’s derivation no valid argument is given
for the neglect of all multiple averages over the
reciprocal lattice in the joint distribution of structure
factors. In contrast, e(Ez.,) in (16) and o (EZ.,) in
(18) in the present work have been derived rigorously.
By abuse of notation we have also used the same
symbol P.(E,,) in (17) and (8), although they are
derived from different probability laws for the vari-
ables X;,X,,...,X,. Up to now we have considered
probability laws for the x; in which 2x; (and x; —x;
and x;+x;) do not range uniformly over the set of
Patterson vectors. A probability law on the x; in which
2x; (and x; —x; and x; +x;) range uniformly over the
set of Patterson vectors can be constructed as follows.
Let M be the lowest peak in Q' that may be associated
with a Patterson vector. Then we might use for each
x; (1=i=1) a density function proportional to

min [ Q'(2x;), M] (21)

or more complicated functions. But now all means
of the form e[cos (27x;.2h)] have to be calculated
numerically. For the density function given by (21)
we then get for the probability that the sign of EZ., is
positive given |Eqn| = |Eal:

P.(Ew)= %+%tanh [|E2h|5(ﬁzh)/02(ézh)],

where E(EZh) and az(ﬁz.,) are calculated numerically
from the density function on x,, X,, . .., X, obtained
from (21). It is interesting to note that by observing
the peak height in Q [(2) and (3)] we can filter out
the Patterson vectors of the form 2r; from the others

- (20)

(22)
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(r;+r; and r; —r;). But this can only be done with no
Patterson overlap. Indeed, consider the B,, formula
(Cochran, 1954; Hauptman & Karle, 1958).

Exn=N"[2(Ef=1)~ N{(E{=1)(Ep— D).
(23)

One can easily construct a probability law for
X, X5, .., X, such that £(E,,) gives the right side of
(23) (Brosius, 1979). But this probability law no
longer remains positive (and thus a probability law),
even with mild Patterson overlap. Indeed let P, be
the probability law of x, (as defined by Brosius, 1979)
and consider the random variables x,, ..., x, to be
independent and all having the same probability law
as x,. But then one has clearly

P{(x,€[0,1[*)}=dP,=2(N—1)- N((E2-1)%,.
(24)

So that, since fdP,=1 (the event [x,€[0, 1[*] is a
true event), one has

2AN-1)= N{(Ex-1)°)=1. (25)
In the case of no Patterson overlap
(Exi=1)»=2-3N"", (26)

Substitution of (26) in (25) means that the left-hand
side of (25) then indeed gives (1). But even with mild
Patterson overlap ((EZ—1)?), increases (Hauptman,
1964) and becomes rapidly greater than 2—2N "' so
that {dP, even becomes <0, which is absurd. But
note that the probability law derived from (15)
remains a probability law even with Patterson over-
lap. If a Patterson vector of the form 2r;, say 2r,, is
known a probability law can be constructed for which
e(E,) = E, (for every h) in the absence of Patterson
overlap.

3. The case of known Patterson vectors for P1

Suppose one knows a Patterson vector of the form
2r,. Then we may apply the Patterson superposition
technique (Buerger, 1951). Indeed, theoretically (that
is without Patterson overlap) one expects that the
function u- p(u)p(u+2r,) or min{p(u), p(u+2r,)}
with

p(w)={(EX—1) exp (=2miu . k)), (27)

will give an image of the real structure. So let us use
as density function of x,, xs, ..., X, the function
p(Xg .oy X)) =TT pilxy), (28)

i=2

where u;(x;) is proportional to
{Z (Ei-1)exp[—2mik. (x,~+r1)]}
k
X{Z(Ei—l)exp[—2ﬂik-(xi—rl)]}, (29)
k

JOINT PROBABILITY DISTRIBUTIONS OF STRUCTURE FACTORS. I

where the summation is over the finite set of measured
|Ey| values and where by abuse of notation the same

. symbol x; is used to represent the argument in (29).

Then one can verify that for the mean e(E,) (for any
h) one gets

e(E,)=2N""2cos 2mr, .h+ (N -2)N~/2
SE—1D)(Eqn—1) cos [27r, . (h+2K)]),
((Ex—1)%cos 27rr, . (2K)),

(30)

In the case of no Patterson overlap the right-hand
side of (30) is Ej. In this way we can get the density
distributton of E, (the first neighborhood of E,) and
one can calculate, using the asymptotic development,
the probability that the sign of E, is positive given
|En| =|Ey). A similar expression to that in (30) can be
found in Heinerman, Krabbendam & Kroon (1975).

In a future publication the space group P1 will be
dealt with.

I am very grateful to Dr H. Hauptman for his many
valuable comments.

APPENDIX
1. Derivation of (8) and (9)
The joint distribution P(E) of Ezh is normally dis-
tributed for N high enough. So

P(E)cexp {~[E — e(Ex)?/20%(Ew)}. (A1)
Also

e(Eyp)=2N""? z e{cos [27x;. (2h)]}

= NY(E}-1)/(N-1)=(E;-1)N"'/?
(A.2)
and

Uz(ézh) = i:‘(E,:gh)—8(’-"-5"2h)2

=¢g[1+N"'2E, +4N"" 2 X cos (27rx;. 2h)
x cos (27x;. 2h) ] [e(Ex) P

=1+ N"V2¢(Ey)
+4N“‘22 e(cos (27x;. 2h))
X g(cos 27(x;. 2h)) = [£(Eyp)]?

=1+(E%~1)/(N-1)
+4N7Y(N/2)(N/2-1)
x(ER=1)’/(N~-1)?
—N(Ea-1)*/(N-1)

=1+4+(E%—-1)/(N-1). (A.3)
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So
P(E)cxexp {[E-N"VXE:-1)]?

x31+(E3%—1)/(N-1)17"}. (A4)
Hence it follows that
P.(E) =3+3tanh {|Ex|(Ef - N2
x[1+(E% -1/ (N-1]7}
=i+itanh [|En|(Ei—1)N"V3.  (AS5)

2. Derivation of (10) and (11)
Calculate the joint density P(E,, E,), where E, = Ey,
and E2 = Eh.
P(E,, E2)0CJ exp (—iuE; — ivE,) o(u, v)°* du do

¢ (u, v) = e[exp (2iuN""? cos 27, . 2h
+2ivN~"2 cos 27X, . h)].

Then we obtain

¢(u, v) =[1-(4*/N)+(u*/4N?)]
x[1=(v*/ N)+(v*/4N?)]
+2iu(N-1)""N"?)(Ea—-1) — iur’ N~>/?
—iwPN(Et-1)-2iuv N™*(E}-1)
+(i/2)uPv N2+ (i/6)uv* N~>/>
~(i/3)u’ N~*(E5—1)
—[u?/N(N-1DI(EZ%-1)

—[vV*/N(N-1DI(E:-1)+O(N3). ~
(A7)

(A6)

Hence
exp [(N/2) In ¢(u, v)]
=exp [(-u?*/2)— (v*/2)]{1+iuN""*(E}-1)
—iu* N~V2/2— (u?/2N)[(E3®-1)+(Ez—1)*]
—u*/8N —v*/8N —u?v*/8N

~(v*/ N)(E;=1)+ O(N"?)}. (A8)
Using the formulae
H,(x) exp (—3x7)
=Q27)" V2 J+m (iu)" exp(—3u*—iux) du
Qm)™? rw exp(—x°/2) H,(x) H,(x) dx = 8, !,
- (A9)

one gets
P(E,, E;)<exp (-3E3—3E3)
x{1+E(E2-1)N"V2+1E(E3-1)N'?
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+[(E1-1)/2NN(E%—1+(E3-1))
— H,(E,)/8N — Hy(E,)/8N
—(E3-1)(E3-1)/8N
—(E3~1)(Ei-1)/ N+ O(N>?)},
So we get )
e(Ew| By) = N™V(Bi-1)+4Ei-1)]
x{1—-[Hy(E,)/8N]
—(E3-1)(Et-1)/N}Y!
+O(N3?),

(A.10)

(A.11)
So
e(Enl|Eil =|E)=3N"V¥EZ-1) (A12)

and
G'Z(EAzhHEAhl =|Eh|)=azzt(é2h”éh|=|Eh|)
+ N7 [E%-1-(E;-1)"]
+O(N3?), (A13)
where, up to the order N7!,
oi(Enl|El=|BD ~1-(1/aN)(E2-1)

—(1/4N)(E2-1)%. (A.14)

3. Derivation of (19) and (20)
Direct calculation gives
(BEx—1)(E%—1)(Ehsx— Dk
=N [2N""2E,,+4N"'(Ei-1)
—9IN2Ey,]
(Ei—=1D(E%—Dh=N""(6-5N7").
(A15)

Using the two formulae given by (A.15), one derives
immediately (19).
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